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Abstract
Ringeisen and Beineke have proved that cr(C3Cn) = n and cr(K4Cn) = 3n. Bokal has proved that cr(K1,lPn) = (n −
1) l2  l−12 . In this paper we study the crossing numbers of KmCn and Km,lPn, and show (i) cr(KmCn)n · cr(Km+2)
for n3 and m5; (ii) cr(KmCn) n4 m+22 m+12 m2 m−12  for m = 5, 6, 7 and for m8 with even n4, and equality
holds for m = 5, 6, 7 and for m = 8, 9, 10 with even n4 and (iii) cr(Km,lPn)(n − 1)(m+22 m+12  l+22  l+12  − ml) +
2(m+12 m2  l+12  l2  − m2  l2 ) for min(m, l)2, and equality holds for min(m, l) = 2.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only ﬁnite undirected graphs without loops or multiple edges.
Let G be a graph with vertex set V and edge set E. We consider only good drawings of a graph, i.e., a drawing
satisﬁes (i) no edge crosses itself; (ii) incident edges do not cross; (iii) crossing edges do so only once; (iv) edges do
not cross vertices and (v) no more than two edges cross at a common point. We denote the crossing number of G for
the plane by cr(G). If D(G) is a good drawing of G, then (D(G)) denotes the number of the crossings in D(G). It
is clear that cr(G)(D(G)). A local rotation of vertex v is a (anticlockwise) cyclic permutation of the edges which
end at v in D. A rotation of D is a collection of local rotations, one for each vertex of G. The Cartesian product GH
of graphs G and H has vertex set V (G) × V (H) and edge set E(GH) = {{(x1, y1), (x2, y2)}|x1 = x2 and y1y2 ∈
E(H) or y1 = y2 and x1x2 ∈ E(G)}.
Guy [6] showed that cr(Km) 14m2 m−12 m−22 m−32  and conjectured.
Conjecture 1.1. cr(Km) = 14m2 m−12 m−22 m−32 .
The conjecture has been veriﬁed only form12 [1]. Zarankiewicz [18] showed that cr(Km,l)m2 m−12  l2 l−12 .
Equality holds for min(m, l)6 [8] and for the special cases 7m8, 7 l10 [17]. Asano [2] proved the following
lemma.
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Lemma 1.1. cr(K1,3,l) = 2 l+12  l2 −  l2 and cr(K2,3,l) = 4 l+22  l+12  − 3l.
Let Cn and Pn be the cycle and the path with n edges. Beineke et al. [3] and Jendroˇl et al. [7] determined the crossing
numbers of products of all 4-vertex graphs with cycles. Klešcˇ [10] determined the crossing numbers of products of
all 4-vertex graphs with paths and stars. Klešcˇ [9,11,13–15] has determined the crossing numbers of products of all
5-vertex graphs with paths. In [16] and [3], Ringeisen and Beineke proved,
Lemma 1.2. cr(C3Cn) = n and cr(K4Cn) = 3n.
In [12], Klešcˇ proved that cr(K2,3Pn) = 2n. In [5], Bokal proved,
Lemma 1.3. cr(K1,lPn) = (n − 1) l2 l−12 .
In this paper we show that cr(KmCn)n · cr(Km+2) for n3 and m5, and cr(KmCn) n4 m+22 m+12 m2 
m−12  for m = 5, 6, 7 and for m8 with even n4, equality holds for m = 5, 6, 7 and for m = 8, 9, 10 with even




































and equality holds for m = 2, i.e., cr(K2,lPn) = 2n l2 l−12 .
2. Lower bound for cr(KmCn)
Let A, B be two disjoint subsets of E(G). In a drawing D the number of crossings that involve an edge in A and
another edge in B is denoted by D(A,B). The number of crossings that involve a pair of edges in A is denoted by
D(A). So (D) = D(E(G)).
Let X be a subset of V (G) or of E(G) for a graph G. Then G[X] denotes the subgraph of G induced by X. The
following statement is straightforward.
Lemma 2.1. Let A, B, C be mutually disjoint subsets of E(G). Then,
D(C,A ∪ B) = D(C,A) + D(C,B), D(A ∪ B) = D(A) + D(B) + D(A,B).
Let











{vi−1j vij |0jm − 1}
)
.
In Sections 2–4, the superscripts are read modulo n and the subscripts are read modulom unless speciﬁed otherwise. For
0 in−1, letV i={vij |0jm−1},Ei={vij vik|0j < km−1},Kim=(V i, Ei), andMi={vi−1j vij |0jm−1}.
Then, we have
Ei ∩ Ej = ∅, 0 i < jn − 1,
Mi ∩ Mj = ∅, 0 i < jn − 1,
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Fig. 1. (a) Hi
j
and (b) Km+2.





































































Theorem 2.2. cr(KmCn)n · cr(Km+2) for m, n4 and for n = 3,m5.
Proof. Let G = KmCn and D be an arbitrary drawing of G.














For 0 in− 1 and 0jm− 1, let Hij =G[Ei ∪Ei−1j ∪Mi ∪Ei+1j ∪Mi+1 ∪Rij ], then Hij is a subdivision of
Km+2. Figs. 1(a) and (b) show the subgraphHij and its corresponding graphKm+2, where the edges ofEi are not drawn
for clarity. In the drawing of Km+2 in D, the crossings of D(Ei−1j ∪Mi ∪Rij ) and D(Ei+1j ∪Mi+1 ∪Rij ) need not be
counted as they are either self-crossings of edges in the corresponding drawing of Km+2 or they appear on the edges
emanating from the same vertex. Similarly, for 0km − 1 and k 	= j , the crossings of D({vi−1k vi−1j }, {vi+1k vi+1j })
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need not be counted as they are on the edges emanating from the same vertex. Hence we have
D(H
i
j )cr(Km+2) + D(Ei−1j ∪ Mi) + D(Ei+1j ∪ Mi+1) + D(Rij )









j ) = D(Ei) + D(Ei−1j ∪ Mi) + D(Ei+1j ∪ Mi+1) + D(Rij )
+ D(Ei, Ei−1j ∪ Mi) + D(Ei, Ei+1j ∪ Mi+1) + D(Ei, Rij )
+ D(Ei−1j ∪ Mi,Ei+1j ∪ Mi+1) + D(Ei−1j ∪ Mi,Rij )
+ D(Ei+1j ∪ Mi+1, Rij ),
we have for 0 in − 1 and 0jm − 1,
cr(Km+2)D(Ei) + D(Ei, Ei−1j ∪ Mi) + D(Ei, Ei+1j ∪ Mi+1)





D({vi−1k vi−1j }, {vi+1k vi+1j }). (2.3)




[D(Ei) + D(Ei, Ei−1j ∪ Mi) + D(Ei, Ei+1j ∪ Mi+1)









[D(Ei) + D(Ei, Ei−1j ) + D(Ei,Mi) + D(Ei, Ei+1j )
+ D(Ei,Mi+1) + D(Ei−1j , Ei+1j ) + D(Ei−1j ,Mi+1)





D({vi−1k vi−1j }, {vi+1k vi+1j })]










































D({vi−1k vi−1j }, {vi+1k vi+1j }),
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which implies,
















D({vi−1k vi−1j }, {vi+1k vi+1j })]




















⎟⎟⎠+ m · D(Mi,Mi+1). (2.4)
Let x1, x2, x3 and x4 be different integers between 0 and m−1. Now consider the crossings between Ei−1 and Ei+1.
There are three types of crossings between them:
(1) a crossing between vi−1x1 vi−1x2 and vi+1x1 vi+1x2 , i.e., two common subscripts of the ends of the involved two
edges;
(2) a crossing between vi−1x1 vi−1x2 and vi+1x1 vi+1x3 , i.e., only one common subscript of the ends of the involved two
edges and
(3) a crossing between vi−1x1 vi−1x2 and vi+1x3 vi+1x4 , i.e., no common subscripts of the ends of the involved two edges.
Deﬁne f it as the total number of crossings of tth type. Then we can obtain that
D(E
i−1, Ei+1) = f i1 + f i2 + f i3 .
Only the crossings of type (2) are counted in
m−1∑
j=0




D({vi−1k vi−1j }, {vi+1k vi+1j })],

















D({vi−1k vi−1j }, {vi+1k vi+1j })] = f i2D(Ei−1, Ei+1).








j ) in the terms D(E
i, Ei−1x1 ) and D(E
i, Ei−1x2 ). So we have





















From (2.4), we have for 0 in − 1,
m · cr(Km+2)m · D(Ei) + 2D(Ei, Ei−1) + 2D(Ei, Ei+1) + D(Ei−1, Ei+1)














⎢⎢⎣m · D(Ei) + 2D(Ei, Ei−1) + 2D(Ei, Ei+1) + D(Ei−1, Ei+1)
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From (2.2), mn · cr(Km+2)m(D), i.e., (D)ncr(Km+2) for n4 and m4.







Mk) = D(Ei,Mi−1) in the right part of (2.5). Thus, for m5, the
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Fig. 2. (a) D(K8) and (b) D(K7).
From (2.2), (D)n · cr(Km+2) for n = 3 and m5. 
Combinedwith Lemma 1.2, a lower bound of cr(KmCn) can be obtained for n3 andm3, i.e., cr(KmCn)n·
cr(Km+2).
3. The crossing number of KmCn
Theorem 3.1. Form3, cr(KmCn) n4 m+22 m+12 m2 m−12  for even n, and cr(KmCn) n4 m+22 m+12 m2 
m−12  + m−12 2 for odd n.
Proof. Lemma 1.2 implies the theorem is true for m=3, 4. Let t be an integer such that t3. The best known drawing
D(Km) with 14m2 m−12 m−22 m−32  crossings is obtained as follows [4]: Draw Km on a truncated right circular
cylinder (homeomorphic to a sphere). For m= 2t , place t vertices at equal distances around each end. On each end we
put the diagonals of that m−gon with a good drawing, and along shortest counter-clockwise helical curves we put the
lateral edges. The drawing D(K8) described above is shown in Fig. 2(a).
Let {a0, a1, . . . , at−1} be the t vertices on the top and {b0, b1, . . . , bt−1} be the others on the bottom. In Figs. 2 and
3, we use i, j to denote ai, bj respectively and the subscripts of a, b are read modulo t.
Then we create another drawingD′′(K2t ) fromD(K2t ) by moving a0 up and moving a1 down. This process does not
change the rotation of D(K2t ). It is well known that the rotation of Km arising from a planar drawing also determines
which edges cross. So, D′′(Km) and D(Km) have the same numbers of crossings. In Fig. 3(a), we give D′′(Km) for
m=8, where the vertex sequence from left to right incident with a1 is (a0, b0, b1, b2, b3, a2, a3) and the vertex sequence
from left to right incident with a0 is (a1, b2, b1, b0, b3, a3, a2). Generally, for m = 2t , the vertex sequence from left to
right incident with a1 is
(a0, b t2 −t+2, . . . , b t2 −1, b t2 , b t2 +1, a2, a3, . . . , at−1),
and the edge sequence from left to right incident with a0 is
(a1, b t2 , b t2 −1, . . . , b t2 −t+2, b t2 +1, at−1, . . . , a3, a2).
We get a drawing D′′(Km − e) of Km − e by deleting the edge a0a1 from D′′(Km). Since there is no crossing on the
edge a0a1 in D′′(Km), we have













Let aij ∈ V i and bij ∈ V i for 0 in − 1. A drawing D6,2s of K6C2s with 36s crossings and a drawing D6,2s+1
of K6C2s+1 with 36s + 22 crossings are exhibited in Figs. 4(a) and 5(a), respectively, where we use i, j to denote
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Fig. 3. (a) D′′(K8) and D′′(K7).
aij , b
i




j are read modulo t. In both Figs. 4(a) and 5(a), for 0k < s, the edge
















































In Fig. 5(a), there are four crossings among the edges of M2s .
These drawings can be extended to produce drawings Dm,2s of KmC2s and Dm,2s+1 of KmC2s+1, respectively,




, . . . , b2k t2 −1b
2k−1
 t2 −1
, b2k t2 b
2k−1
 t2 


















, b2k t2 −1b
2k−1
 t2 −1
, . . . , b2k t2 −t+2b
2k−1
 t2 −t+2














And, there are (
m
2
2 ) + (
m−2
2
2 ) = (m−22 )2 crossings among the edges M2s in Dm,2s+1 to keep the appropriate vertex
sequence from
(b2s−1 t2 −t+2
, . . . , b2s−1 t2 −1
, b2s−1 t2 
, b2s−1 t2 +1
, a2s−12 , a
2s−1




(b2s t2 , b
2s
 t2 −1, . . . , b
2s
 t2 −t+2, b
2s
 t2 +1, a
2s
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Fig. 4. (a) D6,2s and (b) D5,2s .
Then, we have
Dm,2s (M
i) = 0, 0 i2s − 1,
Dm,2s+1(M







, i = 2s,
Dm,n(E
i, Ej ) = 0, 0 i < jn − 1,
Dm,n(E
i,Mj ) = 0, 0 i, jn − 1, j 	= i and j 	= i + 1,
Dm,n(M
i,Mj ) = 0, 0 i, jn − 1, j 	= i − 1 and j 	= i + 1.
For n=2s, the number of crossings in the drawing induced by Ei ∪Mi ∪Mi+1 is same as the one in D′′(Km+2 − e)
(0 in − 1), i.e.,
Dm,n(E
i) + Dm,n(Ei,Mi) + Dm,n(Ei,Mi+1) + Dm,n(Mi,Mi+1) = (D′′(Km+2 − e)).
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Fig. 5. (a) D6,2s+1 and (b) D5,2s+1.





i) + Dm,n(Ei,Mi) + Dm,n(Ei,Mi+1) + Dm,n(Mi,Mi+1))













and for n = 2s + 1 and m = 2t , there are n4 m+22 m+12 m2 m−12  + (m−22 )2 crossings in Dm,n.
Z. Wenping et al. / Discrete Applied Mathematics 156 (2008) 1892–1907 1903
For m = 2t − 1, D(Km) and D′′(Km) are obtained by deleting one vertex of {b0, b1, . . . , bt−1} and all
related edges from D(K2t ) and D′′(K2t ), respectively. It can be easily concluded that D′′(Km) = D(Km) = 14m2 
m−12 m−22 m−32 . The drawings D(K7) and D′′(K7) are shown in Figs. 2(b) and 3(b). By deleting all vertices
in {bi t2 +1|0 in − 1} and all related edges from D2t,n, we create the drawing D2t−1,n with
n
4 m+22 m+12 
m2 m−12  crossings for n = 2s and the drawing D2t−1,n with n4 m+22 m+12 m2 m−12  + (m−12 )2 crossings for
n = 2s + 1. Figs. 4(b) and 5(b) exhibit the drawing D5,2s of K5C2s and the drawing D5,2s+1 of K5C2s+1
respectively.
















and for odd n3, cr(KmCn) n4 m+22 m+12 m2 m−12  + m−12 2. 
We have the following lemma by Theorems 2.2 and 3.1.
Lemma 3.2. n ·cr(Km+2)cr(KmCn) n4 m+22 m+12 m2 m−12  for even n and n ·cr(Km+2)cr(KmCn) n4
m+22 m+12 m2 m−12  + m−12 2 for odd n.
Theorem 3.3. cr(KmCn) = n4 m+22 m+12 m2 m−12  for even n4 and 3m10.
Proof. Note that cr(Km) = 14m2 m−12 m−22 m−32  for m12, we have cr(KmCn) = n4 m+22 m+12 m2 m−12 
for even n4 and 3m10 by Lemma 3.2. 
4. cr(K5Cn)= 9n, cr(K6Cn)= 18n and cr(K7Cn)= 36n














Proof. From Lemma 1.2, the theorem holds for m = 3, 4. By Theorem 3.3, cr(KmCn) = n4 m+22 m+12 m2 m−12 
for even n4 and 5m7. We need only to prove equality holds for odd n3.
Fig. 6(a) shows a good drawing of K5C3 with 27 crossings. This drawing can be extended to K5Cn (n is odd and
n3) by inserting K5’s in pairs (as suggested by the arrangement in Fig. 6(b)) into the cycles of the drawing showed
in Fig. 6(a). Thus, we have cr(K5Cn)9n for odd n3.
By Theorem 2.2, cr(K5Cn)9n for any n3. So, it can be concluded that cr(K5Cn) = 9n for odd n3.
Similarly, we have cr(KmCn) = n4 m+22 m+12 m2 m−12  for odd n3 and m = 6, 7. Figs. 7 and 8 show the
drawings of K6Cn and K7Cn for odd n3, respectively.














i.e., cr(K5Cn) = 9n, cr(K6Cn) = 18n and cr(K7Cn) = 36n. 
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Fig. 6. (a) cr(K5C3) = 27, (b) K5’s tile and (c) cr(K5Cn) = 9n (n is odd).
Fig. 7. (a) cr(K6C3) = 54, (b) K6’s tile and (c) cr(K6Cn) = 18n (n is odd).
5. On the crossing number of Km,lPn
Theorem 5.1. For n1 and min(m, l)2, cr(K1,m,l)m+12 m2  l+12  l2 − m2  l2, cr(K2,m,l)m+22 m+12 
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Fig. 8. (a) cr(K7C3) = 108, (b) K7’s tile and (c) cr(K7Cn) = 36n (n is odd).
Fig. 9. D(K1,m,l ).
Proof. We will prove the theorem by exhibiting drawings in a cylinder. A cylinder can be “assembled” from a polygon
by identifying one pair of opposite sides of a rectangle [4].
Fig. 9 shows a good drawingD1 ofK1,m,l with m+12 m2  l+12  l2−m2  l2 crossings. Fig. 10 shows a good draw-
ingD2 ofK2,m,l with m+22 m+12  l+22  l+12 −ml crossings. Fig. 11 shows a drawingDofKm,lP2. This drawing can
be extended to produce a drawingDofKm,lPn with (n−1)(m+22 m+12  l+22  l+12 −ml)+2(m+12 m2  l+12  l2−




































From [19], we have the following theorem.
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Fig. 10. D(K2,m,l ).
Fig. 11. D(Km,lP2).
Z. Wenping et al. / Discrete Applied Mathematics 156 (2008) 1892–1907 1907
Theorem 5.2. cr(K2,lPn) = 2n l2 l−12  for n1.
6. Conclusion
We have following conjectures.
Conjecture 6.1. For even n4, cr(KmCn) = n4 m+22 m+12 m2 m−12 .
Conjecture 6.2. For everym3, there exists a sufﬁciently largeNm such that cr(KmCn)= n4 m+22 m+12 m2 m−12 for odd nNm.
















Conjecture 6.4. For n1, min(m, l)2,



































Conjecture 6.1 holds for 3m10 by Theorem 3.3, and it holds for m11 if Conjecture 1.1 holds for m13.
Conjecture 6.2 holds for 3m7 (where Nm = 3) by Lemma 1.2 and Theorem 4.1. Conjecture 6.3 holds for
min(m, l)3 by Lemma 1.1. Conjecture 6.4 holds for min(m, l)2 by Lemma 1.3 and Theorem 5.2.
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